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Architectures and Methods: 
Optimization

Deep Learning

Thanks to John Canny, Ian Goodfellow, Yoshua
Bengio, Aaron Courville, Efstratios Gavves, Kirill 
Gavrilyuk, Berkay Kicanaoglu, and Patrick Putzky
and many others for making their  materials 
publically available.

The present slides are mainly based on slides from John Canny
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Recall from the skipped videos …
Challenges in Visual Recognition

Camera pose Illumination Deformation Occlusion

Background clutter Intraclass variation
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Recall from the skipped videos …
data-driven approach, kNN

3

the data NN classifier 5-NN classifier
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Parametric approach: Linear classifier

[32x32x3]
array of numbers 0...1

10 numbers, 
indicating class 
scores

3072x1

10x1 10x3072

parameters, or “weights”

(+b) 10x1

bias
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Example image with 4 pixels, and 3 classes (cat/dog/ship)
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Interpreting a Linear Classifier

[32x32x3]
array of numbers 0...1
(3072 numbers total)
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Linear Classifier

Example trained weights of a 
linear classifier trained on 
CIFAR-10:
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How do bias and variance for the linear classifier compare to 
kNN:

Bias: ? Higher for linear classifier. Will have errors on images 
which aren’t linearly separable from other classes.

Variance: ? Lower: linear output is a weighted sum of all the 
input pixels. 

Bias and Variance
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In particular: Loss Functions
- We have some dataset of (x,y)
- We have a score function: 
- We have a loss function: 

e.g.

Softmax

SVM

Full loss
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cat

frog

car

3.2

5.1

-1.7

Scores = unnormalized log prob. of the classes

! " = $|& = '( = )*+,
∑. )

*. where   / = 0 ',2
Want to maximize the log likelihood, or (for a loss 
function) to minimize the negative log likelihood of 
the correct class:

3( = − log ! " = 8(|& = '(

In summary:

3( = −log 9:+,
∑; 9:.

Softmax Classifier (Multinomial Logistic Regression)
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Weight Regularization
!= regularization strength
(hyperparameter)

" = 1
%&

'()

*
&
+,-.

max 0, 4 5',6 + − 4 5',6 -. + 1 +λ: 6

In common use:

L2 regularization                  : 6 = ∑< ∑=6<,=
>

L1 regularization                    : 6 = ∑< ∑= 6<,=

Elastic net (L1 + L2)               : 6 = ∑< ∑= ?6<,=
> + 6<,=

Dropout (will see later)

Max norm regularization (might see later)
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Today: Optimization
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Strategy #1: A first very bad idea 
solution: Random search
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Lets see how well this works on the 
test set...

15.5% accuracy! not bad!
(State of the art is ~95%)
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Strategy #2: Follow the slope
In 1-dimension, the derivative of a function:

In multiple dimensions, the gradient is the 
vector of (partial derivatives).
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current W:

[0.34,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

gradient dW:

[?,
?,
?,
?,
?,
?,
?,
?,
?,…]
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current W:

[0.34,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

W + h (first dim):

[0.34 + 0.0001,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25322

gradient dW:

[?,
?,
?,
?,
?,
?,
?,
?,
?,…]
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gradient dW:

[-2.5,
?,
?,
?,
?,
?,
?,
?,
?,…]

(1.25322 - 1.25347)/0.0001
= -2.5

current W:

[0.34,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

W + h (first dim):

[0.34 + 0.0001,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25322
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gradient dW:

[-2.5,
?,
?,
?,
?,
?,
?,
?,
?,…]

current W:

[0.34,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

W + h (second dim):

[0.34,
-1.11 + 0.0001,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25353
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gradient dW:

[-2.5,
0.6,
?,
?,
?,
?,
?,
?,
?,…]

current W:

[0.34,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

W + h (second dim):

[0.34,
-1.11 + 0.0001,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25353

(1.25353 - 1.25347)/0.0001
= 0.6
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gradient dW:

[-2.5,
0.6,
?,
?,
?,
?,
?,
?,
?,…]

current W:

[0.34,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

W + h (third dim):

[0.34,
-1.11,
0.78 + 0.0001,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347
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gradient dW:

[-2.5,
0.6,
0,
?,
?,
?,
?,
?,
?,…]

current W:

[0.34,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

W + h (third dim):

[0.34,
-1.11,
0.78 + 0.0001,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

(1.25347 - 1.25347)/0.0001
= 0
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Evaluating the 
gradient numerically
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- approximate
- very slow to evaluate

Evaluating the 
gradient numerically
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This is silly. The loss is just a function of W:

want
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This is silly. The loss is just a function of W:

want
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This is silly. The loss is just a function of W:

Calculus

want
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This is silly. The loss is just a function of W:

= ...



Binnig, Fürnkranz, Gurevych, Kersting, Peters, Roth — Deep Learning

gradient dW:

[-2.5,
0.6,
0,
0.2,
0.7,
-0.5,
1.1,
1.3,
-2.1,…]

current W:

[0.34,
-1.11,
0.78,
0.12,
0.55,
2.81,
-3.1,
-1.5,
0.33,…] 
loss 1.25347

dW = ...
(some function data 
and W)
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In summary:

- Numerical gradient: approximate, slow, easy 
to write

- Analytic gradient: exact, fast, error-prone

So

In practice: Always use analytic gradient, but check 
implementation with numerical gradient. This is called 
a gradient check.
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Gradient Descent
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original W

negative gradient direction
W_1

W_2
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Mini-batch Gradient Descent
only use a small portion of the training set to 
compute the gradient.

Common mini-batch sizes are 
32/64/128 examples e.g. Krizhevsky 
ILSVRC ConvNet used 256 examples
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Example of optimization 
progress while training a 
neural network. 

(Loss over mini-batches 
goes down over time.)
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The effects of step size (or “learning rate”)
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we will look at more 
fancy update formulas
(momentum, Adagrad, 
RMSProp, Adam, …)

Mini-batch Gradient Descent

only use a small portion of the training set to 
compute the gradient.

Common mini-batch sizes are 
32/64/128 examples e.g. Krizhevsky 
ILSVRC ConvNet used 256 examples
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original W

True negative gradient direction

W_1

W_2
Minibatch updates
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original W

noisy gradient from minibatch

W_1

W_2

Stochastic Gradient
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original W

True gradients in blue
minibatch gradients in red

W_1

W_2

Stochastic Gradient Descent

Gradients are noisy but still make good progress on average
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Standard gradient

W_1

W_2

You might be wondering…

Can we compute this?
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Newton’s method for zeros of a function

Based on the Taylor Series for ! " + ℎ :

! " + ℎ = ! " + ℎ!& " + ' ℎ(

To find a zero of f, assume ! " + ℎ = 0, so

ℎ ≈ − ! "
!′ "

And as an iteration:

"-./ = "- − ! "-
!′ "-
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Newton’s method for optima
For zeros of !(#):

#%&' = #% − ! #%
!′ #%

At a local optima, !+ # = 0, so we use:

#%&' = #% − !′ #%
!′′ #%

If !′′ # is constant (! is quadratic), then Newton’s method 
finds the optimum in one step. 

More generally, Newton’s method has quadratic converge.
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Newton’s method for gradients:
To find an optimum of a function !(#) for high-dimensional #, 
we want zeros of its gradient: %! # = 0

For zeros of %!(#) with a vector displacement ℎ, Taylor’s 
expansion is:

%! # + ℎ = %! # + ℎ*+, # + - | ℎ |/

Where +, is the Hessian matrix of second derivatives of !. The 
update is:

#012 = #0 − +, #0 42%! #0
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Standard gradient

W_1

W_2

Newton step

Newton gradient step
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Newton’s method for gradients:
The Newton update is:

!"#$ = !" − '( !" )$*+ !"

Converges very fast, but rarely used in DL. Why?
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Newton’s method for gradients:
The Newton update is:

!"#$ = !" − '( !" )$*+ !"

Converges very fast, but rarely used in DL. Why?

Too expensive: if !" has dimension M, the Hessian 
'( !" has dimension M2 and takes O(M3) time to invert.
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Newton’s method for gradients:
The Newton update is:

!"#$ = !" − '( !" )$*+ !"

Converges very fast, but rarely used in DL. Why?

Too expensive: if !" has dimension M, the Hessian 

'( !" has dimension M2 and takes O(M3) time to invert.

Too unstable: it involves a high-dimensional matrix inverse, 

which has poor numerical stability. The Hessian may even 

be singular. 
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L-BFGS
There is an approximate Newton method that addresses 
these issues called L-BGFS, (Limited memory BFGS). BFGS is 
Broyden-Fletcher-Goldfarb-Shanno.

Idea: compute a low-dimensional approximation of 
!" #$ %& directly.

Expense: use a k-dimensional approximation of !" #$ %&,
Size is O(kM), cost is O(k2 M). 

Stability: much better. Depends on largest singular values 
of !" #$ .
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Convergence Nomenclature
Quadratic Convergence: error decreases quadratically
(Newton’s Method):

! "#$ ∝ ! "& where   !" = ()*+ − ("

Linearly Convergence: error decreases linearly:

! "#$ ≤ . ! " where . is the rate of convergence.

SGD: ??
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Convergence Behavior
Quadratic Convergence: error decreases quadratically

! "#$ ∝ ! "& so   !" is ' (&)

Linearly Convergence: error decreases linearly:

! "#$ ≤ ( ! " so   !" is ' (" .

SGD: If learning rate is adjusted as 1/n, then 
(Nemirofski)          !" is    O(1/n). 
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Convergence Comparison

Quadratic Convergence:   !" is # $%& ,  time log log !

Linearly Convergence:   !" is # $" ,        time log !

SGD:  !" is    O(1/n),                                  time 1/!

SGD is terrible compared to the others. Why is it used? 
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Convergence Comparison
Quadratic Convergence:   !" is # $%& ,  time log log !

Linearly Convergence:   !" is # $" ,       time log !

SGD:  !" is    O(1/n),                                time 1/!

SGD is good enough for machine learning applications.
Remember “n” for SGD is minibatch count. 

After 1 million updates, ! is order O(1/n) which is 
approaching floating point single precision. 
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(image credits to Alec Radford)

The effects of different update formulas
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Another approach to poor gradients:

Q: What is the trajectory along which we converge 
towards the minimum with SGD?
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Q: What is the trajectory along which we converge 
towards the minimum with SGD? very slow 
progress along flat direction, jitter along steep one

Another approach to poor gradients:
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Momentum update

Physical interpretation as ball rolling down the loss function + friction 
(mu coefficient).  mu = usually ~0.5, 0.9, or 0.99 (Sometimes annealed 
over time, e.g. from 0.5 -> 0.99)
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Momentum update

- Allows a velocity to “build up” along shallow directions
- Velocity becomes damped in steep direction due to quickly 

changing sign
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SGD 
vs
Momentum

notice momentum
overshooting the 
target, but overall 
getting to the minimum 
much faster than 
vanilla SGD.
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Nesterov Momentum update

gradient
step

momentum
step

actual step

Ordinary momentum update:
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Nesterov Momentum update

gradient
step

momentum
step

actual step

momentum
step

“lookahead” 
gradient step (bit 
different than 
original)

actual step

Momentum update Nesterov momentum 
update
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Nesterov Momentum update

gradient
step

momentum
step

actual step

momentum
step

“lookahead” 
gradient step (bit 
different than 
original)

actual step

Momentum update Nesterov momentum 
update

Nesterov: the only difference...
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64

Nesterov Momentum update
Slightly inconvenient… 
usually we have :
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65

Slightly inconvenient… 
usually we have :

Variable transform and rearranging saves the day:

Nesterov Momentum update
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Slightly inconvenient… 
usually we have :

Variable transform and rearranging saves the day:

Replace all thetas with phis, rearrange and obtain:

Nesterov Momentum update
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nag = 
Nesterov Accelerated 
Gradient
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AdaGrad update

Added element-wise scaling of the gradient based on 
the historical sum of squares in each dimension

[Duchi et al., 2011]
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Q: What happens with AdaGrad?

AdaGrad update [Duchi et al., 2011]
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Q2: What happens to the step size over long 
time?

AdaGrad update [Duchi et al., 2011]
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RMSProp update [Tieleman and Hinton, 2012]
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Introduced in a 
slide in Geoff 
Hinton’s Coursera 
class, lecture 6
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Cited by several 
papers as:

Introduced in a 
slide in Geoff 
Hinton’s Coursera 
class, lecture 6
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adagrad
rmsprop
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Adam update [Kingma and Ba, 2014]

(incomplete, but close)
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(incomplete, but close)

momentum

RMSProp-like

Looks a bit like RMSProp with momentum

Adam update [Kingma and Ba, 2014]
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(incomplete, but close)

momentum

RMSProp-like

Looks a bit like RMSProp with momentum

Adam update [Kingma and Ba, 2014]
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RMSProp-like

bias correction
(only relevant in first few 
iterations when t is small)

momentum

The bias correction compensates for the fact that 
m,v are initialized at zero and need some time to 
“warm up”.

Adam update [Kingma and Ba, 2014]
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SGD, SGD+Momentum, Adagrad, RMSProp, Adam 
all have learning rate as a hyperparameter.

Q: Which one of these 
learning rates is best to 
use?
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=> Learning rate decay over time!

step decay: 
e.g. decay learning rate by half every few 
epochs.

exponential decay:

1/t decay:

SGD, SGD+Momentum, Adagrad, RMSProp, Adam 
all have learning rate as a hyperparameter.
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What have you learnt?
• Simple Gradient Methods like SGD can make adequate progress 

to an optimum when used on minibatches of data.

• Second-order methods make much better progress toward the 
goal, but are more expensive and unstable. 

• Convergence rates: quadratic, linear, O(1/n). 

• Momentum: is another method to produce better effective 
gradients. 

• ADAGRAD, RMSprop diagonally scale the gradient. ADAM scales 
and applies momentum.


